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Bubble-size distributions and flow fields in bubble columns are calculated numeri-
cally. The population balance is simplified and reduced to a balance equation for the
a®erage bubble ®olume. Models de®eloped predict the rate of bubble breakup and coa-
lescence based on physical principles. The flow fields are numerically calculated for
bubble columns with cylindrical cross sections using the Euler-Euler method. The newly
deri®ed balance equations for the a®erage bubble ®olumes are implemented into a com-
mercial CFD code. The solutions of the balance equation for high superficial gas ®eloci-
ties result mainly in two fractions: one for the fraction with small and the other for the
fraction with large bubble diameters. Both are considered pseudocontinuous phases, in
addition to the liquid phase. The calculated flow fields are characterized by se®eral
large-scale ®ortices. The local ®olume fractions of gas and liquid are locally inhomoge-
neous and highly time-dependent. The time-a®eraged flow field is axisymmetric and
stationary. The calculated ®olume fractions, ®elocities, and bubble-size distributions
agree well with existing and pre®iously published experimental results for bubble columns
up to 0.3 m in diameter.

Introduction
Bubble columns are used as reactors in a variety of chemi-

Žcal and biochemical processes Deckwer, 1992; Dudukovic et
.al., 1999 . In bubble columns gases are disperged in liquids in

order to obtain large interfacial areas available for heat- and
mass-transfer processes. The available commercial methods

Ž .of computational fluid dynamics CFD permit the descrip-
Ž .tion of the three-dimensional 3-D and instationary behavior

of the bubbly flow. Through this, various operating condi-
tions and dimensions of the reactor can be considered
Ž .Dudukovic et al., 1999; Kuipers and van Swaaij, 1998 . The
interfacial area density is addressed as one of the key param-
eters in all simulations. Momentum, mass, and energy trans-
fer occur across the interfaces of the contacting phases. The
functionality of two-phase flow in bubble columns depends
mainly on these three interfacial transport processes. The in-
terfacial area in bubbly flow has been investigated by Hibiki

Ž .and Ishii 1999, 2001 .
The local interfacial area density is obtained from the local

bubble-size distribution. The bubble-size distribution is not
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stationary in the flow field, but changing locally and with time.
Breakup and coalescence of bubbles and mass transfer are
governing the local bubble-size distribution. The rates of
breakup and coalescence depend on the local flow field. On
the other hand, the local bubble-size distribution determines
the momentum transfer and affects by this, the local flow
field. Flow field and bubble-size distribution are coupled.
Nevertheless, the local bubble-size distribution is not in-
cluded in most of today’s simulations of the flow fields in
bubble columns.

In spite of the simple construction of bubble columns the
flow fields are highly complex. The instantaneous velocity
field in bubble columns is shown in Figure 1 based on mea-

Ž .surements taken by Fan et al. 1994 applying the particle
Ž .image velocity PIV method. The flow field is characterized

by an almost spiral bubble swarm in the center of the col-
umn.

Numerical simulations of the flow field in bubble columns
are to be realized by using the Euler-Euler or the Euler-
Lagrange method. Using the Euler-Lagrange method, the
motion of many bubbles is calculated separately. Because of
the high numerical effort to calculate the motion of a large
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(Figure 1. Flow field in a bubble column Fan et al.,
)1994 .

number of bubbles, the applicability of this method is re-
stricted to low volume fractions of the gaseous phase and low
number densities of the bubbles. The numerical effort for the
Euler-Euler method is comparatively small. The gaseous
phase is considered to be pseudo continuous, and appropri-
ate terms for the interactions between the two phases are
taken into account. Both methods lead to the same results if
adequate numerical methods are used to solve the resulting
equations. A comparison of both methods is given by

Ž .Sokolichin et al. 1997 .
Assuming axisymmetric and stationary flow fields numeri-

cal and analytical calculations are carried out for two dimen-
Žsions by several authors Torvik and Svendson, 1990; Jacob-

sen et al., 1997; Saynayal et al., 1999; Thakre and Joshi, 1999;
.Millies and Mewes, 1992 . These models are reasonable for

the time averaged flow fields in bubble columns, but they
cannot predict the highly instationary and 3-D flow fields

Ž .which are observed in experiments. Webb et al. 1992 pre-
sented the first results from numerical calculations for the
time-dependent flow field in bubble columns. They consider
the 2-D motion of a rising bubble swarm in a flat bubble
column and use the Euler-Lagrange method assuming lami-
nar flow. Results of numerical calculations of the instationary
and 3-D flow field in a cylindrical bubble column are pre-

Ž .sented by Lapin and Lubbert 1995, 1996 . They also employ¨
the Euler-Lagrange method. The authors obtain a chaotic like
behavior of the two-phase flow. They do not use a turbulence
model, but consider the flow field to be laminar.

Ž .Sokolichin and Eigenberger 1999 demonstrate that nu-
merical calculations assuming laminar flow do not result in
grid independent results. The finer the grid, the more vor-
tices are resolved. This behavior is more typical for turbulent

flows. Numerical calculations applying a turbulence model
lead to stable and grid independent solutions. The authors
perform extensive numerical calculations using a simplified
Euler-Euler method. They restrict to 3-D flow fields in bub-
ble columns with a flat rectangular cross section and use lo-
cal sparging, as well as low volume fractions of the gas. The
local turbulence is calculated by a k-� turbulence model.
Sokolichin and Eigenberger obtain a good agreement be-
tween calculated and measured values by comparing the
time-averaged flow field and the time-dependent motion of
the rising bubble swarm with their own experimental results.

Similar calculations for the flow fields observed in locally
sparged bubble columns with flat rectangular cross sections

Ž .are performed by several groups: Delnoij et al. 1999 use the
Euler-Lagrange method assuming laminar flow. Lain et al.
Ž .1999 use a similar method applying a k-� turbulence model.
Results from calculations using the Euler-Euler method are

Ž .presented by Mudde and Simonin 1999 and by Pfleger et al.
Ž .1999 . Extensive numerical calculations by using the Euler-

Ž .Euler method are conducted by Pan et al. 1999, 2000 . The
authors consider the flow in two dimensions only and use
fine grids to resolve the shear induced turbulence directly.

Ž .Krishna et al. 1999, 2000 perform simulations for the flow
field in cylindrical bubble columns using the Euler-Euler
method and a k-� turbulence model. For high superficial gas
velocities, they consider large bubbles as a third eulerian
phase. However, they neglect bubble coalescence and bubble
breakup assuming a constant superficial velocity for the large
and the small bubbles. The size of the small and large bub-
bles is considered to be constant. The numerically predicted

Ž .three-dimensional 3-D flow field gives satisfying agreement
between the measured and the calculated time averaged val-
ues of volume fraction and velocity.

The local bubble-size distribution is considered in none of
the previous works. In addition most of the simulations are
conducted for superficial gas velocities below 0.1 mrs. Only

Ž .Krishna et al. 2000 present results for superficial gas veloci-
ties exceeding 0.1 mrs. Using none of the existing methods,
the interfacial area available for heat and mass transfer can
be calculated to this point.

Population Balance Equations and Kernel
Functions

The local bubble-size distribution may be calculated from
the population balance equations. These are transport equa-
tions for the number density f of the bubbles, which is de-
fined as the number of bubbles � N with volume between ®
and ®q�® per unit volume V and per class width �® of the
size fraction

� N
fs 1Ž .

V�®

The convective transport of bubbles, their coalescence and
breakup, as well as mass transfer and an expansion of the
gaseous phase are taken into account. A derivation of the
population balance, as shown in Table 1, is given by several

Žauthors Valentas and Amundson, 1966; Kocamustafaogullari
.and Ishi, 1995; Millies and Mewes, 1999 in a similar form.
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Table 1. Population Balance Equation

Description Equation

� f
Temporal change

� t
™Ž .Convective transport q� f u sg
D�1 �g Ž .Changes in the gas density q ®f

� Dt � ®g

�� g
Mass transfer y nA f˙ pž /� ® �g

�
� � �Ž . Ž .Breakup of larger bubbles q r ®,® f ® d®H 1

®
Ž .f ®®

� � �Ž .Breakup of bubbles with vol. ® y ® r ® ,® d®H 1 ®0
1 ®

� �Ž .Coalescence of smaller bubbles q r ® ,®y®H 22 0
� � �Ž . Ž .f ® f ®y® d®

�
� � �Ž . Ž . Ž .Coalescence of bubble with vol. ® y r ® ,® f ® d® f ®H 2

0

The application of population balance equations for model-
ing dispersed flows is discussed by Ramkrishna and Mahoney
Ž .2001 . We restrain our description to a short summary of the
terms involving coalescence and breakup.

The breakup of bubbles influences the bubble-size distri-
bution in two ways. On the one hand, new bubbles are pro-
duced in one bubble fraction due to the breakup of larger
bubbles. On the other hand, the number of bubbles in a bub-
ble fraction decreases because the bubbles do break up
themselves. The breakup kernel function

df ® ,®�Ž .�r ® ,® s 2Ž . Ž .1 f ® dtŽ .

determines the number of bubble fragments with volume ®�,
which are formed per unit time and volume by the breakup
of bubbles with volume ®. The coalescence of bubbles affects
the population balance in two ways. First, new bubbles are
formed due to coalescence of smaller bubbles. This way bub-
bles with volume ®� have to coalesce with bubbles of volume
®-®�. Secondly, the number of bubbles of volume ®� decreases
because some of the bubbles coalesce with other bubbles of

Žany size. We consider only binary coalescence Millies and
.Mewes, 1999 . The coalescence of more than two bubbles at

the same time is considered as a series of binary coales-
Ž � .cences. r ® ,® is called a coalescence kernel function and is2

used to predict the probability of two bubbles with volumes
®� and ® to coalesce resulting in a change in the number
density of bubbles by

df ®q®� d ®q®�Ž . Ž .�r ® ,® s . 3Ž . Ž .� �2 f ® f ® d® d®dtŽ . Ž .

To solve the population balance equations, the coalescence
and breakup kernel functions must be known. The popula-
tion balance equations provide the mathematical framework
in order to describe how coalescence and breakup affect the
bubble-size distribution. The probability that bubbles coa-
lesce or break is specified by the two kernel functions. In

order to formulate them, the interaction of bubbles with other
bubbles and with the turbulent flow field have to be consid-

Ž .ered. These phenomena are described in detail by Fan 1989
Ž .and by Fan and Tsuchiya 1990 .

Breakup of Bubbles
The breakup of bubbles is investigated in turbulent flow

Žfields by several groups Walter and Blanch, 1986; Hesketh et
.al., 1991; Wilkinson et al., 1993 applying high-speed cam-

eras. The authors agree about the mechanisms leading to
breakage. The bubbles are usually deformed by the turbulent
flow field and stretched in one direction. This leads to a
necking that contracts further, resulting finally in the break-
age. For calculation of the bubble-size distribution, the fre-
quency of the bubble breakups has to be specified. In addi-
tion the size of the bubbles that are formed during the break-
age process, the so-called daughter size distribution, has to
be known. For calculation of the breakup kernel function, we
make the following assumptions:
Ž .1 The breakup of a bubble in a turbulent flow field is

due to the arrival of eddies of different length scales onto the
Žsurface of the bubbles Walter and Blanch, 1986; Lee et al.,

.1987; Luo and Svendsen, 1996 .
Ž .2 Only the binary breakup into two daughter bubbles is

Žconsidered Walter and Blanch, 1986; Hesketh et al., 1991;
.Wilkinson et al., 1993 .

Ž .3 The breakup of a bubble is determined by the balance
between the interfacial force of the bubble surface and the
inertial force of the colliding eddy. The interfacial forces de-
pend on the shape of the bubble and on the size of the result-
ing bubble fragments. Immediately before the breakage, the
bubbles are locally nearly cylindrical. The force balance gives

1 �
2� u s2 4Ž .�f 	2 d

u denotes the turbulent eddy velocity and d� denotes the	

diameter of the smaller resulting bubble fragment, � is thef
liquid density, and � is the surface tension.
Ž .4 Only eddies with length scales smaller than the bubble

diameters can induce breakage. Larger eddies lead to bubble
Žtransport instead Lee et al., 1987; Luo and Svendsen, 1996;

.Prince and Blanch, 1990 . For the same reason, the length
scale of the eddy has to be larger than the diameter of the
smaller resulting bubble fragment. This gives the simple rela-
tionship

d�F	Fd 5Ž .

where 	 is the length scale of the eddy and d is the bubble
diameter before breakage.

Ž .Following Luo and Svendsen 1996 , the breakup kernel
function is calculated from the frequency of arriving eddies
onto the surface of the bubble and from the probability that
collisions lead to breakage

d� �r ® ,® s 
 ® ,	 P 	,® ,® d	. 6Ž . Ž . Ž . Ž .H1 �d

Ž .
 ®,	 denotes the number of collisions between a bubble
with the volume ®s� d3r6 and an eddy with length scale 	.
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Ž � .P 	,® ,® denotes the probability that this collision leads to
breakage and to the formation of a daughter bubble with size
®�s� d�3r6.

Ž .The collision frequency 
 ®,	 of eddies of length scale 	
with a bubble of diameter d is expressed analogous to the
kinetic gas theory by

� 2

 ® ,	 s 	qd u n . 7Ž . Ž . Ž .	 	4

Assuming that isotropic turbulence is at least on the length
scale of the bubbles, the turbulent velocity u of an eddy of	

size 	 can be calculated in the inertial subrange by a formula
Ž .given by Hinze 1975

1r3'u s 2 �	 8Ž . Ž .	

� is the turbulent dissipation rate. The number of eddies per
unit volume n of size between 	 and 	qd	 is obtained	

from the energy spectrum in the inertial subrange of turbu-
lence by

C 9 21r3

n s , with Cs s0.8413. 9Ž .	 4 5r32	 �Ž .

Equation 9 is valid only in the inertial subrange of turbu-
lence. This limitation has no influence on breakup rates, since
smaller eddies have not caught enough energy to overcome

Ž .the interfacial forces. Mudde et al. 1997 use the LDA
method to measure the energy spectrum of the turbulence in
bubble columns. For high wave numbers, they obtain a de-
crease of the turbulent energy proportional to ky5r3 in ac-
cordance with the theory of isotropic turbulence. These find-
ings support the applicability of Eq. 9.

The probability that collisions between eddies and bubbles
Žresult in breakages is obtained from the force balance Eq.

.4 . The size of the resulting bubble fragments depends on the
kinetic energy of the eddy. Equation 8 gives only the mean
turbulent velocity of eddies with length scale 	. In reality the
velocities follow a normal distribution around this mean value

Ž .Hinze, 1975 . Therefore, the breakage probability is

4 � 1 1 2� 1 1
�P 	,® ,® s exp y . 10Ž . Ž .�2r3 2r3 � 4 2r3 2r3ž /� � � d� 	 � 	df f

Ž . �The force balance Eq. 4 is formulated with the diameter d
of the smaller resulting bubble fragment. Thus, Eq. 10 is only
valid for the smaller bubble fragment with volumes in the
range 0F®�F®r2. For the larger bubble fragment ®r2� ®�

Ž � . Ž � .F®, we obtain P 	,® ,® sP 	,®y® ,® .
Utilizing Eqs. 6 to 10 yields in the kernel function for

breakage

2
� 	qd 2� 1Ž .d� 'r ® ,® s 2 C exp y d	Ž . H1 �� 4 13r3 2r3 2r32r3� ž /	 � � d 	d � � d ff

for 0F®�F®r2

r ®� ,® s r ®y®� ,® for ®r2�®�F® 11Ž . Ž . Ž .1 1

The integral in Eq. 11 can be expressed as a sum of incom-
plete �-functions resulting in analytical expressions for the
breakup kernel function r , the breakup frequency f , and1 z
the daughter size distribution 


r ®� ,® s
 ® ,®� f ® . 12Ž . Ž . Ž . Ž .1 z

In comparison Eqs. 10 and 11 are difficult to be evaluated,
but they can be replaced in good approximation by Eq. 12.
Therefore, Eqs. 10, 11, and 12 are made dimensionless using
the length and time scales

3r5 2r5
� 1 � 1

Ls and Ts 13Ž .2r5 3r5ž / ž /� �� �f f

resulting in the dimensionless bubble diameter, eddy length
scale, bubble volumes, dimensionless breakup kernel func-
tion, breakup frequency and dimensionless daughter size dis-
tribution

d
�d s dimensionless bubble diameter

L

	
�	 s dimensionless eddy diameter

L

®
�® s dimensionless bubble volume3L

®�

��® s dimensionless daughter-bubble volume3L

r� ®�� ,®� s r ®� ,® L3T dimensionless kernelfunction for breakupŽ . Ž .1 1

f �s f T dimensionless breakage frequencyz z


 � ®�� ,®� s
 ®� ,® L3 dimensionless daughter-bubble size distributionŽ . Ž .

after breakage 14Ž .
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The dimensionless breakup frequency is written as

'2
� �5r3f s0.5d exp y . 15Ž .z � 3ž /d

The dimensionless daughter size distribution is described by
a lognormal distribution which gives

9 2��2r5exp y ln 2 dŽ .½ 56 4��� �
 ® ,® sŽ . ��33r2 3� d �1r151qerf ln 2 dŽ .½ 52

®�
��for 0F® F 16Ž .

2

and

®�
�� �� ��� � � � � �
 ® ,® s
 ® y® ,® for � ® F® . 17Ž . Ž . Ž .

2

In Eqs. 15 and 17 there are no empirical parameters which
have to be adjusted to experimental results. The breakup fre-
quency increases with increasing bubble diameter, increasing
dissipation rate, increasing density of the liquid phase, and
decreasing surface tension. Equal sized breakage is preferred
for small bubbles, because the interfacial forces are high, and,
according to Eq. 4, the breakage into two equal sized bubbles
is easiest. As the size of the parent bubbles increases, un-
equal breakage is preferred. The number of eddies decreases

Ž .rapidly with increasing length scale of the eddies see Eq. 9 .
Therefore, large bubbles primarily collide with smaller eddies
leading to breakage into one smaller and one larger bubble.

Coalescence of Bubbles
Coalescence of bubbles occurs in turbulent flow in three

Ž .steps Chesters, 1991 . First, bubbles collide and trap a small
amount of liquid between them. This liquid film has to drain
until film rupture occurs resulting in coalescence. Otherwise,
the bubbles bounce back without coalescing. The probability

Figure 2. Apparatus for the investigation of bubble coa-
lescence.

for a collision to result in coalescence is referred to as coales-
cence efficiency. It is influenced strongly by the composition
of the liquid phase and is reduced for liquids with additives
or mixtures of liquids in comparison to pure liquids. This ef-
fect is called coalescence inhibition.

The objective of our own experimental investigations is to
determine under which conditions collisions of two bubbles
result in coalescence or bouncing. The experimental facility is
given in Figure 2. The liquid is flowing vertically downwards
inside of a channel 0.225 m in length with a rectangular cross
section. The cross-sectional area widens from 0.028 m�0.028
m at the entrance to 0.060 m�0.060 m at the bottom outlet
as the liquid flow is getting downward. This results in a de-
crease of the average liquid velocity. The velocity profiles are
equalized throughout the entrance cross section by the appli-
cation of an insert with hexagonal channels inside. Near the
bottom cross section, bubbles are injected by a capillary. They
are of different sizes according to the injected gas volume.
The bubbles move countercurrently inside the downwards
flowing liquid and rise up to a cross section where there is an
equilibrium of the interacting forces. The liquid flow is circu-
lated by a pump and adjusted to the velocities of the rising
bubbles by a valve. In countercurrent flow of downward flow-
ing liquid and upward rising bubbles the swarm is fixed lo-
cally in the experiments. A high-speed video camera is used
to observe the motion of the bubbles with the help of mirrors
from two simultaneous perpendicular views. The pictures are
analyzed automatically using digital image processing tech-
niques. For each collision of bubbles, it is detected whether
the collision results in coalescence or bouncing. The form and
size of the bubbles which are simplified and described as el-
lipsoids, as well as their velocities, are calculated from the
images given in Figure 3.

The experimental results for distilled water and air are
shown in Figure 4. Whether a collision results in coalescence

Figure 3. Image processing for the investigation of
bubble coalescence.
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Figure 4. Coalescence efficiency as a function of the
bubble diameter and of the relative velocity of
approach for distilled water-air.

or bouncing depends on the relative velocity of an approach
perpendicular to the surface of contact and on the equivalent

Ž .bubble diameter. According to Chesters 1991 , the equiva-
lent bubble diameter is defined as

y11 1
d s2 q 18Ž .eq ž /d d1 2

d and d denote the diameters of the two colliding bubbles.1 2
The outcome of a collision depends only on the relative ve-
locity of the approach perpendicular to the surface of con-
tact. The maximum velocity resulting in coalescence is called
critical velocity. For the distilled water and air, we obtain
from the experiments described above the critical velocity
u s0.08 mrs. It does not depend on the size of the bub-crit
bles.

The coalescence kernel function is stated here to be calcu-
lated from the product of the collision frequency and the coa-
lescence efficiency. The former is calculated as the product

Ž .2of the collision cross sectional area �r4 d qd and the1 2
characteristic velocity u�.

Collisions are considered that arise from turbulent fluctua-
tions and from the difference in rise velocities of bubbles of
different size. For the first case, the characteristic velocity is
assumed to be the turbulent eddy velocity with the length
scale of the bubbles. Smaller eddies do not contain sufficient
energy to significantly affect the bubble motion, while much
larger sized eddies will transport groups of bubbles. For the
second case, the characteristic velocity corresponds to the
difference in rise velocities of the bubbles. The characteristic
velocity is expressed as

� ™ ™1r3 2r3 2r3' �'u smax 2 � d qd , u yu N 19Ž .1 2 1 2ž /
Collisions only result in coalescence which occur with a rela-
tive velocity of approach perpendicular to the surface of con-
tact lower than the critical velocity. This velocity depends on
the angle of approach under which the two bubbles collide.

Since the relative motion of the bubbles towards each other
is determined by the turbulence in the liquid phase. The as-
sumption is made that the relative probability for a collision
has to be equal for all steradians. Thus, we obtain for the
coalescence kernel function

21r3� �max2� �r ® ,® s d qd min u ,u exp y y1 .Ž . Ž .Ž .2 1 2 crit 1r3ž /4 �

20Ž .

The last term in Eq. 20 reflects the limited range of the tur-
bulent fluctuations affecting the motion of the bubbles. This
range is considered a normal distribution with 	sd as the
mean value. � denotes the volume fraction of the bubbles,
and � s0.6 denotes the maximum packing density of themax

Ž .bubbles Millies and Mewes, 1999 .
The turbulent fluctuation velocity usually exceeds in bub-

ble columns the critical velocity for coalescence of typical
bubble sizes. In Eq. 20 only this critical velocity for coales-
cence has to be considered. The coalescence efficiency itself
depends only on the chemical composition of the liquid and

Ž .the gaseous phase. Investigations of Millies and Mewes 1999
support that the coalescence efficiency is for pure liquids a
constant value and is independent of the physical parameters
of the liquid. Thus, the critical velocity for coalescence is in
pure liquids u s0.08 mrs. We obtained this value fromcrit
our experiments with distilled water. The coalescence inhibi-
tion for liquids with additives or mixtures of liquids causes
lower critical velocities. A possible method to obtain critical
velocities for liquids mixtures from simple experiments is sug-
gested by the next paragraph.

Simplified Balance Equation
The derived kernel functions for bubble breakup and coa-

lescence are used to solve the population balance equation
numerically. For this purpose, a simplified flow field is con-
sidered. It is characterized by zero superficial liquid velocity,
a constant volume fraction of the gas, and a constant turbu-
lent dissipation rate. As a result, the time-dependent evolu-
tion of bubble-size distributions is obtained numerically from
the population balance equation given in Table 1. For high
superficial gas velocities, bimodal bubble-size distributions
with a large and a small bubble fraction are calculated. The
accumulated volume fraction of the gas is depicted in Figure
5 for different times. After short times, an almost stable size
distribution of small bubbles is reached, whereas the larger
bubbles keep on growing. The size distribution becomes bi-
modal. Large and small bubbles can be distinguished clearly.
For longer times, the volume fractions of small and large
bubbles remain almost constant.

The kernel functions for breakup and coalescence are valid
up to high volume fractions of the gas. The formation and
growth of large bubbles under these conditions are repro-
duced in the calculations. This is not possible so far with any
of the previous known methods.

The population balance equations may be simplified ac-
Ž .cording to Millies and Mewes 1999 . This simplification is

explained as follows. The population balance is solved nu-
merically for different volume fractions, dissipation rates and
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Figure 5. Bimodal bubble-size distribution for high su-
perficial gas velocities.

material properties. The calculated number density distribu-
tions are depicted in Figure 6 by applying the dimensionless
form with the help of the average bubble volume ® , respec-1
tively, ® and the volume fraction � , respectively, � of the2 1 2
small and large bubble fraction

2 2® ®1 2ˆ ˆ ˆfs f q f s f q f . 21Ž .1 2 1 2� �1 2

The dimensionless number density distributions deviate from
each other very little, while the average bubble volume
changes by more than one decade. The dimensionless num-
ber density distribution of the small bubble fraction is ap-
proximated by a lognormal distribution

2 1 2 ®
9r8f̂ s exp y ln e ® with ® s . 22Ž .ˆ ˆŽ .(1 1 1� 3® 9 ®ˆ1 1

The dimensionless number density distribution of the large
bubble fraction is approximated by an exponential distribu-
tion

®
f̂ sexp y® with ® s . 23Ž .Ž .ˆ ˆ2 2 2 ®2

The number density distributions Eqs. 22 and 23 are used to
evaluate the population balance equation. Integration of the

Ž .population balance equation Table 1 over all bubble vol-
umes results in balance equations for the average bubble vol-
ume and the volume fractions of large and small bubbles. For
the derivation, it is recognized that the average bubble vol-
ume of the small bubbles is small in comparison to the aver-
age bubble volume of the large bubbles ® �® . The result-1 2
ing balance equations are given in Table 2.

Knowing the average bubble volumes and the volume frac-
tions, the number density distribution of the bubbles is ob-
tained from Eqs. 22 and 23. For low volume fractions, large
bubbles are not relevant. The system of equations is reduced

Figure 6. Number density distributions of the small
bubbles.
Ž . 3 2 2 3a � s 998 kgrm � s 0,0727 kgrs � s 0,25 � s 2 m rs ;f
Ž . 3 2 2 3 Ž .b � s 998 kgrm � s 0,0727 kgrs � s 0,4 � s 4 m rs ; cf

3 2 2 3 Ž .� s 998 kgrm � s 0,02 kgrs � s 0,25 � s 2 m rs ; d �f f
s500 kgrm3 � s 0,02 kgrs2 �s 0,25 � s 2 m2rs3.

to one single balance equation for the average bubble vol-
ume.

For high superficial gas velocities and bimodal bubble-size
distributions, the relative volume fraction of large and small
bubbles remains almost constant. A dynamic equilibrium be-
tween coalescence and breakup is reached. The same amount
of gas goes from the large bubble to small bubble fraction
due to the breakup of large bubbles, and from the small bub-
ble to the large bubble fraction due to coalescence of small
and large bubbles. The volume fraction of the small bubbles
under these conditions is approximated by

1r5
� 1

� s0.065 � 24Ž .1GGW ž /� uf crit

The volume fraction of small bubbles does not depend on the
integral volume fraction. The volume fraction of the small
bubbles decreases with decreasing coalescence efficiency.
Fewer large bubbles are formed. The volume fraction of the
small bubbles increases slightly with increasing turbulence in-
tensity. The breakup of large bubbles is intensified.

For complex liquids which show coalescence inhibition, the
critical velocity for coalescence is obtained by rearranging Eq.
24

1r5
� 1

u s0.065 � 25Ž .crit ž /� �f 1GGW

The critical velocity for coalescence is calculated from the
volume fraction of small bubbles for developed flow for high
superficial gas velocities. The volume fraction of small bub-
bles can be obtained from experiments. Equation 25 gives a
possibility to quantify the coalescence efficiency of complex
liquids with the help of experiments.
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Table 2. Simplified Balance Equations

Variable Balance Equation

D� �� ® 1 ®g g1 1™ Ž . Ž .Avg. vol. of small bubbles qu � ® sZ ® y0.3463r ® ,® � y ® qna˙g1 1 1 1 2 1 1 1 1 p1� t � Dt � �g g 1

D� �� ® 1 ®g g2 2™ Ž . Ž . Ž .Avg. vol. of large bubbles qu � ® sZ ® y0.4250r ® ,® � q0.9024 r ® ,5® � y ® qna˙g 2 2 2 2 2 2 2 2 2 2 1 1 2 p2� t � Dt � �g g 2
2�� � � � �1 g 2 1 1™Ž . Ž . Ž .Vol. fraction of small bubbles q� � � u sZ � � y0.9024r ® ,5® � y3.1043r ® ,® � qna �˙1 g g1 2 g 2 2 2 1 g 2 1 1 g p1 g� t ® ®2 2

2�� � � � �2 g 2 1 1™Ž . Ž . Ž .Vol. fraction of large bubbles q� � � u syZ � � q0.9024 r ® ,5® � q3.1043r ® ,® � qna �˙2 g g 2 2 g 2 2 2 1 g 2 1 1 g p2 g� t ® ®2 2

7r5 9r10� 0.8565 � 1f 19r15 5r9Z s0.6082 � ® exp y1 1 3r5ž / ž /� � �®' f1

2r5
� 1

1r15Z s0.2545 �2 4r9ž /� ®f 2
2 21r3 1r3 1r3� 6 6 �max�Ž . Ž .r ® ,® s ® q ® min u ,u exp y y12 i j i j krit 1r3ž / ž / ž /4 � � �

Comparison with Experimental Data
The calculation method for bubble-size distributions is ap-

plied to several experimentally investigated systems. By this,
the breakup kernel functions are validated against experi-
mental data for the breakup of single bubbles in turbulent
flow fields. Since it is difficult to measure the coalescence
kernel functions directly, calculated bubble-size distributions
are compared with experimental data instead.

Ž .Lasheras et al. 1999 study the breakup of air bubbles in a
turbulent water jet. The LDA technique is used to measure
the turbulent energy spectrum in the jet to calculate the local
dissipation rate. Bubbles are injected into the core of the jet,
and the spatial evolution of the bubble-size distribution is
measured. The bubbles are subdivided into different sized
classes. The number of bubbles in the class with the largest
bubbles decreases only due to the breakup of these bubbles.
From this decrease, the breakup frequency is calculated in
dependence of the dissipation rate.

Lasheras et al. obtain a decrease of the breakup frequency
with increasing bubble diameter. This unexpected behavior
results from an incorrect evaluation of the experimental val-
ues. The authors choose too large size classes. Not every
breakup of a bubble means that the bubble leaves the size
class. If the size distribution of the resulting bubble frag-
ments is known, the mistake can be corrected. This is ob-
tained from Eqs. 16 and 17. The corrected dimensionless size
distribution is shown in Figure 7 as a function of the dimen-
sionless bubble diameter. In addition experimental results

Ž .from Wilkinson et al. 1993 for the breakup of bubbles in
turbulent pipe flow are shown. In the experimental investiga-
tions the bubble diameter and the dissipation rate are varied.
The dependence of the breakup frequency on these parame-
ters is described by Eq. 15 in accordance with the experi-
ments.

The bubble-size distribution in bubble columns can be cal-
culated independent of CFD simulations if an equilibrium

between coalescence and breakup is reached. The dissipation
rate is calculated by the ratio of the specific energy intro-
duced by the gas and the mass of the liquid in the bubble
column

j g � 1y�Ž .g f g
�s s j g 26Ž .g� 1y�Ž .f g

j denotes the superficial gas velocity, and g the gravitationalg
acceleration. The calculated bubble-size distributions are
given in Figure 8 together with the measured distribution by

Ž . Ž .Grienberger and Hofmann 1992 and Schrag 1976 . Mea-
sured and calculated values are in agreement. Thus, we con-
clude that the coalescence frequency can be calculated using
Eq. 20.

Figure 7. Breakup frequency of experimental results:
( ) ( )Lasheras et al. 1999 vs. Wilkinson 1991 .
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Figure 8. Bubble-size distribution for the equilibrium
between coalescence and breakup of experi-
mental results: Grienberger and Hofmann
( ) ( )1992 vs. Schrag 1976 .

Grund uses the dynamic gas disengagement method to
measure the volume fractions of small and large bubbles in
bubble columns. The measured volume fractions of the small
bubbles are depicted in Figure 9 together with calculated val-
ues from Eq. 24. The dissipation rate is calculated from Eq.
26. For the small volume fraction, the volume fraction of the
small bubbles is calculated from � s j ru . The volume1 g g1
fraction of the small bubbles increases slightly with increasing
superficial gas velocity. Besides water and methanol, Grund
Ž . Ž .1988 uses also a mixture from paraffins Ligroin as a liquid
phase which shows coalescence inhibition. If coalescence in-
hibition is not taken into account, the calculated volume frac-
tion of small bubbles is much too low. With coalescence inhi-
bition, the calculated and measured values are in good agree-
ment. From the measured bubble volume fractions, the criti-
cal velocity for coalescence is calculated using Eq. 25 to be
0.043 mrs.

Figure 9. Volume fraction of small bubbles in a bubble
column, comparison with experimental results

( )by Grund 1988 .

Ž .Grund 1988 also uses a photographic technique to mea-
sure the interfacial area density of the bubbles. Only if coa-
lescence inhibition is considered measured and calculated
values compare well. Thus, Eq. 25 can be used to quantify
the effect of coalescence inhibition. The described method
for interfacial area density calculation is also valid for sys-
tems where coalescence inhibition is important.

Numerical Calculations
The results of the numerical calculations are the time-de-

pendent and 3-D velocity and volume fraction fields of the
continuous phase, as well as those of the dispersed phase in
cylindrical bubble columns. The local bubble-size distribu-
tions are considered by the transport equation for bubbles of
small and large sizes which are given in Table 1. The numeri-
cal calculations are performed with a commercially available
CFD-code. The Euler-Euler-model is applied to all three
phases. It takes into account that, besides the liquid phase,
both bubble sizes have to be considered as independent phase
flows when the superficial gas velocities are high. The
Reynolds stress tensor is calculated from a k-�-model. The
velocity fields are considered to be laminar for the gaseous
phases. The mass and momentum balance equations are de-

Ž .rived by Drew 1983 . The mass balance equation for the liq-
uid phase is

�� �f f ™q� � � u syna � yna � . 27Ž .˙ ˙Ž .f f f p1 g p2 g� t

For the small and large size bubble fractions, the appropriate
equations are given in Table 2. The three momentum balance
equations are

™�� � u 2k k k ™ ™ ™ ™ ™Tq� � � u u y� �u q�u q � �� u �Ž .k k k k k k k k k� t 3

™
sy� �pqM q� � g 28Ž .k k f k k

with k as indice for all three phases. The closure equations
for the interfacial momentum transfer between the two dis-
persed phase flows and the liquid flow is calculated from Clift

Ž .et al. 1978

3 �™ k ™ ™ ™ ™M s � C Nu yu N u yu 29Ž .Ž .k f f D k f k f4 dsk

with

24 2 8
0.75 1r2C smax 1q0.1 Re min max 0.44, Eo ,Ž .D ½ 5ž /Re 3 3

™� Nu Ndsf f k
Res

� f

g � y � dsŽ .f g k
Eos . 30Ž .

�

The lift and the virtual mass force terms are omitted because
of the large interactions taking place between the turbulent
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flowing liquid and the rising bubbles. The local bubble-size
distribution is obtained from the solution of the additional
balance equations for the average bubble volumes of the small
and large bubble fraction, as given in Table 2. The sauter
mean diameter of both bubble fractions

1r3 1r3ds s1.613® and ds s1.374® 31Ž .1 1 2 2

is used to calculate the interphase transfer terms between
both phases and the bubble induced turbulence. The turbu-
lent Reynolds stress in the liquid phase is calculated using a
k-� turbulence model. The balance equations for the turbu-
lent kinetic energy k and the rate of dissipation � aref f

�� � kf f f ™q� � � u k y � q� �k s� P y � �Ž . Ž .f f f f f t f f f f f� t

�� � �f f f ™q� � � u � y � q� ��Ž .f f f f f t f� t

� fs� 1.44P y1.92 � �Ž .f f f fk f

™ ™ ™Twith P s � q� �u � �u q�uŽ . Ž .f f t f f f

2
™ ™y �� u � q� �� u q � k . 32Ž . Ž .f f t f f f3

The application of the k-�-model was recently successfully
Ž .done by Sokolichin and Eigenberger 1999 for two phase

flows with low volume fractions of gas. The turbulent viscos-
ity is

k2
f

� s0.09� . 33Ž .t f � f

For high gas volume fractions, the bubble induced turbulence
has to be considered besides the shear induced turbulence.
The bubble induced turbulence is considered using the model

Ž .of de Bertodano et al. 1994 . The turbulent kinetic energy k f
and the rate of dissipation � are calculated from shear andf
bubble induced terms

1 1
™ ™2 2k sk qk sk q � Nu N q � Nu Nt f g f 1 g1 2 g 24 4

™ ™
M M1 f 2 f™ ™� s� q� s� q Nu Nq Nu N 34Ž .t f g f g1 g 2� �f f

whereas the bubble induced viscosity change according to the
Ž .model of Sato et al. 1981 is neglected compared to the much

larger shear induced viscosity calculated from Eq. 33.
The additional Eqs. 27�34 are implemented into the com-

mercial code CFX-4.2 and solved using the finite volume
method. A block structured grid is used with volume ele-

ments with edges of 1�2 cm in length. For the discretization
Žof the convective terms, a second-order TVD-schema Soko-

.lichin and Eigenberger, 1999 is used. The time integration is
done with an implicit Euler-method. Time steps between 0.01
s and 0.05 s are used.

The instationary flow fields in cylindrical bubble columns
without internals are calculated. The gas is dispersed at the
bottom of the column by a sieve plate to equal sized bubbles.
The free surface at the top of the column is replaced by mod-
eling a semi-permeable wall. In this way the gas can leave the
system, whereas the liquid surface acts as a frictionless wall
for the liquid. The liquid is considered to leave the system
through an overflow at the periphery of the column.

Low Superficial Gas Velocities
Results are presented for the flow field in a bubble column

with 0.29 m diameter and 4.425 m height and 0.02 mrs super-
ficial gas velocity. The initial bubble diameter is 3 mm. Large
bubbles are not present under these conditions. The instanta-
neous volume fraction of the gas and the instantaneous flow
field of liquid and gas are shown in Figure 10. The flow field
of the liquid is visualized using a texture. The color scales
with the vertical liquid velocity. In addition the trajectories of
a number of bubbles in the 3-D flow field are shown. The
chosen time is 100 s after startup.

In the flow field of the continuous phase a rising and me-
andering bubble swarm with high volume fractions can be ob-
served. The flow field of the liquid phase is characterized by
several large-scale vortices. The length scale of these vortices
corresponds to the column diameter. The local liquid veloci-
ties reach up to �0.5 mrs. The areas with a high upward
velocity correspond with the areas of high local volume frac-
tions, whereas the local volume fraction are low in areas with
a high downward velocity. One part of the bubbles is carried
downwards with the vortices and recirculates. Other bubbles
are trapped in the upward flowing part in the middle of the
column and rise with a high velocity. These high velocity dif-
ferences result in a broad residence time spectrum of the gas
phase.

The flow field is not stationary, but locally changing with
time. The local volume fractions of the gas and the flow field
of the liquid phase are shown in Figure 11 and Figure 12 for
different times with a temporal distance of 1 s. The bubble
swarm makes almost a spiral rotating movement. The large-
scale vortices move through the column and determine the
form and the motion of the bubble swarm. The flow field is
shown as a vertical slice through the centerline of the col-
umn. Vortices can disappear and reenter the plane because
of their 3-D motion.

The instationary character of the flow field is analyzed fur-
ther in Figure 13. Here, the instantaneous liquid velocity is
shown for one local point in the upper part of the column.
The velocity is shown for the time interval from 150 s to 250 s
after startup. The time-averaged liquid velocities of 0.01 mrs
result from much higher fluctuating velocities. From a fast
fourier transform applied to this time series, the dominating
frequencies of about 0.1 to 0.15 Hz are obtained. These fre-
quencies correspond to time periods of less than 10 s indicat-
ing one rotation of the bubble swarm, as shown in Figure 11.
The motion is not periodic, but has chaotic character.
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Figure 10. Instantaneous volume fraction and instantaneous flow fields of liquid and gas, D=0.29 m, H=4.425 m,
j =0.02 m/////s.g

High Superficial Gas Velocities
The results presented so far are typical for the flow fields

in bubble columns for low superficial gas velocities. For higher
superficial gas velocities, large fast rising bubbles appear. In
the simulations small and large bubbles are considered as
separated phases within their own flow fields. The calcula-
tions are done for all three phases: liquid, small, and large
bubbles. The initial bubble diameter at the bottom sieve plate
is 2 mm for the small bubbles and 2 cm for the large bubbles.
The results for the flow fields are calculated for 0.1 mrs as
superficial gas velocity and bubble column dimensions of 0.15
m diameter and 1.5 m height. The instantaneous local vol-
ume fractions and the instantaneous volume averaged diame-
ters of the small and large bubbles are shown in Figure 14. In
Figure 15 the flow fields of the liquid and the large and small
bubbles are shown. The integral column averaged volume
fraction of small bubbles is 0.098 and that of large bubbles is
0.089. The local volume fractions reach up to 0.2 for the small
bubbles and up to 0.25 for the large bubbles. The flow field

of the liquid phase is characterized by several vortices. The
vortices do not extend over the whole column diameter. The
liquid flows spirally upwards in the middle of the column.
The small bubbles are partially trapped in the vortices and
flow downward near the wall. The large bubbles are not cap-
tured by the vortices due to their high rise velocities. There-
fore, the large bubbles rise primarily near the center of the
column, whereas the small bubbles are much more equally
distributed. The average bubble diameter of the small bub-
bles decreases from about 4 mm at the bottom of the column
to about 2 mm at the top. The average diameter of the large
bubbles increases from about 2 cm near the bottom to about
5 cm at the top of the column.

Comparison with Experimental Results
The time-averaged phase velocity fields are axisymmetric

and stationary. The liquid flows upward in the center of the
column and downward near the wall. The volume fraction is
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Figure 11. Time-dependent volume fraction of the gas, D=0.29 m, H=4.425 m, j =0.02 m/////s.g
The time difference between two consecutive pictures is � ts1 s.

highest in the middle of the column and lowest at the wall. In
Figure 16 to Figure 18 the time averaged axial velocity fields
for the low superficial gas velocity of 0.02 mrs are compared

Ž .with experimental results by Grienberger and Hofmann 1992
and for the high superficial velocity of 0.1 mrs with experi-

Ž .mental results by Hills 1974 .

Figure 12. Time-dependent flow field of the liquid, D=
0.29 m, H=4.425 m, j =0.02 m/////s.g
The time difference between two consecutive pictures is
� ts1 s.

The radial profiles of the time-averaged volume fraction
are shown in Figure 16. The volume fraction of the large
bubbles has a parabolic profile with a maximum in the mid-
dle of the column. The volume fraction of the small bubbles
is almost constant over the radius except for the near wall
region. The radial profiles of the time-averaged liquid veloci-

Figure 13. Time series of the liquid velocity, D=0.29 m,
H=4.425 m, j =0.02 m/////s.g
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Figure 14. Instantaneous volume fractions and average
bubble diameters of small and large bub-
bles, D=0.15 m, H=1.5 m, j =0.10 m/////s.g

ties are shown in Figure 17. The time-averaged vertical veloc-
ities are much smaller than the instantaneous ones.

The radial profiles of the time averaged turbulent fluctuat-
ing velocity and the time-averaged dissipation rate are shown
in Figure 18. The turbulent fluctuating velocity is calculated
from the turbulent kinetic energy

2
�u s k 35Ž .(f f3

Figure 15. Instantaneous flow fields of the liquid and the
small and large bubbles, D=0.15 m, H=1.5
m, j =0.10 m/////s.g

and compared with experimental results by Grienberger and
Ž .Hofmann 1992 . Experimental results for the dissipation rate

are not available. Integration of the local dissipation rates
over the whole flow field yield an averaged dissipation rate of
0.19 m2rs3, whereas according to Eq. 34 a dissipation rate of

( ) ( ) ( ) ( )Figure 16. Time-averaged volume fractions of experimental results: a Grienberger 1992 ; b Hills 1974 .
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( ) ( ) ( ) ( )Figure 17. Time-averaged vertical velocities of experimental results: a Grienberger 1992 ; b Hills 1974 .

0.196 m2rs3 is calculated from the power introduced by the
gas. The numerical calculations give the order of magnitude
of the turbulent fluctuating velocity, as well as the order of
magnitude of the dissipation rate.

The integral volume fractions and the integral interfacial
area densities are shown in Figure 19 in dependency of the
superficial gas velocity for a bubble column with 0.15 m di-
ameter and 1.5 m height. The calculated volume fractions for
0.02 mrs to 0.17 mrs superficial gas velocity are compared

Ž .with experimental results by Grund 1988 . The integral vol-
ume fraction of the gas phase, as well as that of the large
bubbles increase with increasing superficial gas velocity. The
integral interfacial area density increases also with increasing
superficial gas velocity. The interfacial area density of the
large bubbles is small compared to the interfacial area den-
sity of the small bubbles.

Figure 18. Time-averaged turbulent fluctuating veloci-
ties, comparison with experimental results by

( )Grienberger 1992 .

Sensitivity to the Bubble-Size Distributions
Two examples are presented to illustrate the influence of

the bubble-size distributions onto the flow fields in bubble
columns. First, for a superficial gas velocity of 0.02 mrs, the
diameters of the bubbles leaving the sparger were selected to
be initially 1 mm and 5 mm. The results are compared to
those from calculations for bubbles with the constant diame-
ter of 1 mm in the whole column. The last case corresponds
to a system with strong coalescence inhibition. For the sec-
ond example with a superficial gas velocity of 0.06 mrs, re-
sults from simulations with and without large bubbles are
compared. All calculations are done for a bubble column of
0.15 m diameter and 1.5 m height.

For the first example, the instantaneous average bubble di-
ameters and the instantaneous interfacial area densities are
shown in Figure 20. Starting with an initial bubble diameter
of 5 mm, the average bubble diameter is almost constant in
the whole flow field. The minimum bubble diameter is 4 mm,
whereas the maximum bubble diameter reaches up to 6 mm.
The averaged bubble diameter in the whole column is 5.4
mm. Starting with an initial bubble diameter of 1 mm, the
average bubble diameter increases with increasing height in
the column up to 5.3 mm. The bubble diameter varies strongly
in the lower part of the column. The averaged bubble diame-
ter in the whole column is 3.8 mm.

The different bubble-size distributions result in very differ-
ent interfacial area densities available for heat and mass
transfer. Starting with an initial bubble diameter of 5 mm,
the integral interfacial area density amounts to 49.7 m-1.
Starting with an initial diameter of 1 mm, a much higher inte-
gral interfacial area density of 87.1 m-1 is reached. The main
differences are located near the sparger with local interfacial
area densities up to 510 my1. Simulations with a constant
bubble diameter of 1 mm lead to an integral interfacial area
density of 406 my1 and local interfacial area densities of up
to 810 my1.

The radial profiles of the time-averaged volume fraction
are shown in Figure 21. The calculated values are compared
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Figure 19a. Integral volume fractions, comparison with
( )experimental results by Grund 1988 .

Figure 19b. Integral interfacial area density, compari-
son with experimental results by Grund
( )1988 .

Figure 20. Instantaneous average bubble diameter and instantaneous interfacial area density, importance of the
bubble-size distribution, D=0.15 m, H=1.5 m, j =0.02 m/////s.g
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Figure 21a. Time-averaged volume fractions, D=0.15
m, H=1.5 m, j =0.06 m/////s, comparison withg

( )experimental results by Hills 1974 .

Ž .with experimental results by Hills 1974 . Smaller bubbles lead
to higher volume fractions. The integral volume fraction is
0.0583 for the initial bubble diameter of 5 mm and 0.072 for
an initial bubble diameter of 1 mm. For the constant bubble
diameter of 1 mm, the integral volume fraction reaches 0.093.
The calculated radial profiles of the time-averaged volume
fractions for the initial bubble diameter of 5 mm are in
agreement with the experimental results. Unfortunately, Hills
does not monitor the bubble diameters in his experiments.

Conclusions
Bubble-size distributions and flow fields in bubble columns

are calculated numerically. A population balance equation is
used to predict bubble-size distributions by modeling the
breakup and coalescence processes of bubbles. In addition

Figure 21b. Time-averaged volume fractions, D=0.15
m, H=1.5 m, influence of bubble-size dis-
tribution, j =0.02 m/////s, comparison with ex-g

( )perimental results by Hills 1974 .

the variation in volume of each individual bubble, due to mass
transfer or due to expansion of the gaseous phase, is included
in the calculations. Based on physical principles, a new model
for the breakup of bubbles in a turbulent flow field is devel-
oped that leads to the breakup kernel function. The rate of
bubble breakup, as well as the size distribution of the result-
ing bubble fragments, is obtained as a result. The critical
bouncing velocity for coalescence of bubbles is investigated
experimentally. Its value determines the coalescence kernel
function and to the rate of coalescence between bubbles.

As a solution to the population balance equation, bimodal
bubble-size distributions with small and large bubbles are ob-
tained for large superficial gas velocities. The self-similarity
of the calculated bubble-size distributions is utilized in order
to reduce the population balance to balance equations for
the average bubble volumes, as well as the volume fractions
of the small and large bubbles. These equations can be im-
plemented into existing CFD codes for the calculations of
interfacial area densities which are necessary in order to cal-
culate the momentum, mass, and energy fluxes.

The phase velocity fields are calculated numerically for
cylindrical bubble columns without internals using the
Euler-Euler method. The newly derived balance equations for
the averaged small and large bubble volume fractions are im-
plemented into a commercial CFD code.

Both bubble fractions are considered as pseudo continuous
phases in addition to the liquid phase. The two-phase flow
fields are characterized by several large-scale vortices. The
volume fractions of gas and liquid are very inhomogeneous
and highly time-dependent. The time-averaged axial velocity
fields of both phases are radial symmetrical and stationary.
The calculated volume fractions, velocities, and bubble sizes
are compared with existing experimental results for bubble
columns up to 0.3 m in diameter.
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Notation
a ssurface area density, my1

p
A ssurface area of a bubble, m2

p
C sdrag coefficientD

dsbubble diameter, m
d sequivalent bubble diameter, meq
dsssauter mean diameter, m
Dsbubble column diameter, m
fsnumber density distribution, my6

f sbreakup frequency, sy1
z
gsgravitational constant, msy2

hsbubble column height, m
jssuperficial velocity, mrs

ksturbulent kinetic energy, m2rs2

Lscharacteristic length scale, m
™ y2 y2M sinterphasial force per unit volume, kg �m � sk f

nsnumber density, my3

n snumber density of eddies with length scale 	, my4
	

nsmolar flux, kmolrm2rs˙
Nsnumber
Psbreakup probability, my3

rsradius, m
r sbreakup kernel function, my3 sy1

1
r scoalescence kernel function, m3rs2
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Rsbubble column radius, m
tstime, s

Tscharacteristic time scale, s
™usvelocity vector, mrs

u scritical velocity for coalescence, mrscrit
u�sturbulent fluctuating velocity, mrs
®sbubble volume, m3

3®saverage bubble volume, m
Vsvolume, m3

Greek letters
�svolume fraction

sdaughter size distribution, my3

�sKronnecker-delta
�sdifference
�sdissipation rate, m2rs3

	slength scale of an eddy, m
� smolar mass, kgrkmolg

�sdensity, kgrm3

� ssurface tension, kgrs2

� sshear stress, kgrmrs2


scollision frequency of a bubble and an eddy of length scale
	, my1 sy1

Indices
0sinitial value
1ssmall bubbles
2slarge bubbles
fsliquid
gsgas
	svortex
tsturbulent

GGWsequilibrium
�sdaughter bubble

�sdimensionless variable
ˆ sscaled variable
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